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Preliminaries: Some Properties of Ideals
From now on R denotes a commutative ring, A, B denote non degenerated, commutative rings, h denotes a function from A into B, I, I 1 , I 2 denote ideals of A, J, J 1 , J 2 denote proper ideals of A, p denotes a prime ideal of A.
S denotes non empty subset of A, E, E 1 , E 2 denote subsets of A, a, b, f denote elements of A, n denotes a natural number, and x denotes object.
Let us consider A and S. The functor Ideals(A, S) yielding a subset of Ideals A is defined by the term (Def. 1) {I, where I is an ideal of A : S ⊆ I}.
yasushige watase

Let us observe that Ideals(A, S) is non empty. Now we state the proposition: (1) Ideals(A, S) = Ideals(A, S-ideal).
Proof: Ideals(A, S) ⊆ Ideals(A, S-ideal). Consider y being an ideal of A such that x = y and S-ideal ⊆ y. Let A be a unital, non empty multiplicative loop with zero structure and a be an element of A. We say that a is nilpotent if and only if (Def. 2) there exists a non zero natural number k such that a k = 0 A .
Let us note that 0 A is nilpotent and there exists an element of A which is nilpotent.
Let us consider A. Observe that 1 A is non nilpotent. Let us consider f . The functor MultClSet(f ) yielding a subset of A is defined by the term (Def. 3) the set of all f i where i is a natural number.
Let us observe that MultClSet(f ) is multiplicatively closed. Now we state the propositions: (2) Let us consider a natural number n.
The theorem is a consequence of (2). (4) MultClSet(1 A ) = {1 A }. The theorem is a consequence of (2).
Let us consider A, J, and f . The functor Ideals(A, J, f ) yielding a subset of Ideals A is defined by the term (Def. 4) {I, where I is a subset of A : I is a proper ideal of A and J ⊆ I and I ∩ MultClSet(f ) = ∅}. Let us consider A, J, and f . Now we state the propositions:
For every set Y such that Y ⊆ S and P | 2 Y is a linear order there exists a set x such that x ∈ S and for every set y such that y ∈ Y holds y, x ∈ P . Proof:
Consider I being a set such that I is maximal in P . Consider p being a subset of A such that p = I and p is a proper ideal of A and J ⊆ p and p ∩ MultClSet(1 A ) = ∅. For every ideal q of A such that p ⊆ q holds q = p or q is not proper. (9) There exists a prime ideal m of A such that J ⊆ m. The theorem is a consequence of (8). (10) If a is a non-unit of A, then there exists a maximal ideal m of A such that a ∈ m. The theorem is a consequence of (8).
Spectrum of Prime Ideals (Spectrum) and Maximal Ideals (m-Spectrum)
Let R be a commutative ring. The spectrum of R yielding a family of subsets of R is defined by the term (Def. 5)
{I, where I is an ideal of R : I is quasi-prime and I = Ω R }, if R is not degenerated, ∅, otherwise. Let us consider A. Observe that the spectrum of A yields a family of subsets of A and is defined by the term (Def. 6) the set of all I where I is a prime ideal of A.
Observe that the spectrum of A is non empty. Let us consider R. The functor m-Spectrum(R) yielding a family of subsets of R is defined by the term Observe that m-Spectrum(A) is non empty.
Local and Semi-Local Ring
Let us consider A. We say that A is local if and only if (13) If for every x such that x ∈ Ω A \ J holds x is a unit of A, then A is local. The theorem is a consequence of (8), (11), and (12).
In the sequel m denotes a maximal ideal of A. Now we state the propositions:
(15) If for every a such that a ∈ m holds 1 A + a is a unit of A, then A is local.
Proof: For every x such that x ∈ Ω A \ m holds x is a unit of A. Let us consider R. Let E be a subset of R. The functor PrimeIdeals(R, E) yielding a subset of the spectrum of R is defined by the term (Def. 11)
{p, where p is an ideal of R : p is quasi-prime and p = Ω R and E ⊆ p}, if R is not degenerated, ∅, otherwise. Let us consider A. Let E be a subset of A. Let us note that the functor PrimeIdeals(A, E) yields a subset of the spectrum of A and is defined by the term (Def. 12) {p, where p is a prime ideal of A : E ⊆ p}.
Let us consider J. Observe that PrimeIdeals(A, J) is non empty. From now on p denotes a prime ideal of A and k denotes a non zero natural number. Now we state the proposition:
Nilradical and Jacobson Radical
Let us consider A. The functor nilrad(A) yielding a subset of A is defined by the term (Def. 13) the set of all a where a is a nilpotent element of A. Now we state the propositions:
The theorem is a consequence of (16), (7), and (9). (19) nilrad(A) = (the spectrum of A). The theorem is a consequence of (17) and ( Let us consider A. The functor J-Rad(A) yielding a subset of A is defined by the term (Def. 14) m-Spectrum(A).
Construction of Zariski Topology of the Prime Spectrum of A
Now we state the propositions: (22) PrimeIdeals(A, S) ⊆ Ideals(A, S). (23) PrimeIdeals(A, S) = Ideals(A, S) ∩ (the spectrum of A). The theorem is a consequence of (22). (24) PrimeIdeals(A, S) = PrimeIdeals(A, S-ideal).
The theorem is a consequence of (23) and (1).
Consider s 1 being an element of A such that s 1 = s and there exists an element n of N such that s 1 n ∈ I. Consider n 1 being an element of N such that s 1 n 1 ∈ I. n 1 = 0.
theorem is a consequence of (20). (27) PrimeIdeals(A, √ S-ideal) = PrimeIdeals(A, S-ideal).
The theorem is a consequence of (26) and (25).
The theorem is a consequence of (18) (ii) P ∈ V and Q / ∈ V or Q ∈ V and P / ∈ V .
Note that there exists a commutative ring which is degenerated. Let R be a degenerated, commutative ring. Let us observe that ADTS(the spectrum of R) is T 0 . Let us consider A. Observe that Spec(A) is T 0 .
Continous Map of Zariski Topology Associated with a Ring Homomorphism
From now on M 0 denotes an ideal of B. Now we state the proposition: (36) If h inherits ring homomorphism, then h −1 (M 0 ) is an ideal of A.
In the sequel M 0 denotes a prime ideal of B. Now we state the propositions:
